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Polynomials and Ideals

R =K][x1,...,xp]: polynomial ring

T set of terms x# = x| -+ xh".

Polynomial: Finite sum of monomials cx* (¢ € K).

deg(x") = "7 4 pi: degree of the term x*

Generating set or basis of ideal Z I R: G = {gi1,...,8m} C T with

(G) = {Zh,-g,-\hl,...,hmeR}:I

Homogeneous polynomial of degree d: f = ¢;t; with deg(t;) = d.

Homogeneous ideal: |deal generated by homogeneous polynomials
If G={t1,...,tm} CT ~ (G) monomial ideal.

We work with homogeneous and monomial ideals.
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Term Orderings

o <: fixed term ordering

o 1t(f): leading term of 0 £ f € R

o 1t(Z) = (It(f) | f € I): leading ideal of 0 £#Z IR

@ Via term orderings, can use monomial ideals to study general ideals.
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Grobner Bases

G ={g1,...,8m} C Z Grobner basis of ideal Z <R, if

Definition

Let f,g € R be two monic polynomials. Their S-polynomial is
5(f, g) = (lem(1t(f),1t(g)) /16(f)) - £ — (lem(1t(f), 1t(g))/1t(g)) - &-

Theorem (Buchberger 1965)

One can compute a Grobner basis of any given ideal Z <R by producing
new leading terms via S-polynomials.
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Involutive Divisions and Bases

Involutive division L: Restricted division relation for terms.

o Given set H C T and x* € H, assigns multiplicative variables
L(x*, H) C {x1,...,Xn}

@ The involutive cones C;(x*, H) = {x" | x/x* € K[L(x*, H)]}
intersect only trivially as x* varies in H.

e Filter axiom: If H D H’, then L(x*, H") D L(x*, H).

@ Polynomial set H C Z <R L-involutive basis of ideal Z, if

|| cux1t(H)) = 1K(T).

xtelt(H)

Every involutive basis is a Grobner basis.
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Pommaret Bases and Quasi-stable Ideals

Pommaret division P: term x* with = (0,...,0, g, ..., n) and px >0
~» P(x*) = {x1,...,xc}. Define cls(x*) = min{k | px > 0}.

Not every monomial ideal Z has a finite Pommaret basis. A monomial
ideal with finite Pommaret basis is called quasi-stable.
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Example: Pommaret Basis

o Consider T = (x2,y?) < K[x, y], we have cls(x?) = 1, cls(y?) = 2.

@ We obtain a Pommaret basis by adding the generator xy.

Figure: The ideal Z and the Pommaret  Figure: The Pommaret cone of x?y
cones of its generators added.
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o Let U={u1,...,un} C T beasetof terms. For d;,...,d, € Z>o,
define a Janet class of U:

Uyg,

17--~’dn

={ueUldegj(u)=dj, i<j<n}CU.

Note that U[] = U.

@ A variable x; is Janet multiplicative for u € U[di+1,...,dn]' if
deg; (u) = max {deg; (v) | v € U,

i+1seees ] '
@ Every monomial ideal has a Janet basis.
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Modules and Syzygies

@ R™: Free R-module of rank m with elements f = (f1,...,fn)7.
e Write e; = (0,...,0,1,0,...,0)7, 1 at position .
@ The terms of R™ are x* - e; with x* € T and i € {1,..., m}.

Definition

The syzygy module of G = {g1,...,8m} C R is defined as:

Syz(G) = {(ﬁ,...,fm)TeRmyZﬁ-g,zo} CR™.

i=1
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Syzygies of Grobner Bases

G ={g1,...,8m} Grobner basis, S(gj, gj) S-polynomial: Write
S(gi, &) = > hkgk with suitable h, € R ~ syzygy Sj; € Syz(G).

Theorem (Schreyer 1980)

G ={g1,...,8m} Grobner basis = {S;; | 1 <i < j < m} C Syz(G)
Grébner basis of Syz(G) with respect to suitable ordering on terms of R™.

Application

By iteration, obtain free resolution of Z = (G).
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Free Resolutions

Definition

Free resolution F of Z:
Finitely generated free R-modules Fg, F1, ..., R-linear maps dg, 01, . . .:

Fr 05 R mp 2t 2 8 g 27 s,

with im(éo) = Z and im(0m1) = ker(dm) for all m.
Differential of F: Collection {dg,...,dn}.

5
3
|
\

Om is represented by matrix Dy, with entries in R, and Dy, - Dy =0

Definition

Resolution F is minimal: <= no constant terms # 0 in matrices Dp,.
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Importance of Minimal Free Resolutions

@ Minimal free resolution of Z contains important invariants of Z:
Castelnuovo-Mumford regularity and projective dimension

@ For arbitrary monomial ideals Z, general formula for the minimal free
resolution is a long-standing open problem (Kaplansky, 1960s)
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Overview

in R in R/T
Grobner e.g. Spear (1977), La
bases Buchberger (1965) Scala & Stillman (1998)
Involutive Janet (1920), Gerdt &
Bases Blinkov  (1998), Seiler | this thesis

(2009)

. Gerdt & Blinkov (2005)

Involutive- . . . . .
. (Janet-like), this thesis | this thesis
like bases

(Pommaret-like)
Marked Cioffi & Roggero (2011),
bases Ceria et al. (2015)

this thesis
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Cones and Complementary Decompositions

e Cone: set of terms Cy(t) = Ty - t, where t € T vertex and Ty set of
terms of K[Y], with Y C {x1,...,xn}.

@ Monomial ideal Z: Involutive bases decompose Z N7 into cones.

e Cone decomposition of 7\ Z: Complementary decomposition (C.D.).

Definition (not new)

Let Z <R be a monomial ideal. The Hilbert function of Z is:
HFz : Ng — Ng, d — |{t€7’:deg(t):d/\t¢l'}|.

For d > 0, HFz(d) = HPz(d), with HPz € Q[x] Hilbert polynomial of Z.

Application
C. D. of Z easily yields its Hilbert function and polynomial.
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Apply (generalized) involutive bases to the efficient computation of
complementary decompositions.

Given U = {t1,...,tm} C T, the Janet tree of U contains nodes with
labels (t, V), where. ..

@ ...t €7 encodes a Janet class of U,

@ ...V is the set of variables multiplicative for each term in this class.
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Janet Tree of Term Set

(x3,0) (ngv 0) (XZ’?: {x3})

() B (G XE) B (G REE)

(Coda face))]  (CPed fae))] (64 Paoe )]

Janet tree of U = {X1X22X3, xfxzx32, x33} C K[x1, x2, x3].
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Janet Tree of Janet Basis

(x3,0) (3, 63, {xs})

@{Xz}) [(szg, (D)j [(X22X32, @)j

033, {x2})

(3, {x2,x})

[(X1X23X37{X17X2}D [(X12X2X§,{X1}D [(X%X22X327{X1}D [(XSX:E,{XLXZ})] ((Xg,{xl,XQ,Xﬁ)j

Janet tree of Janet basis
_ 3 20092 324242 3,2 |3
H = {x1x5x3, x{xox5, xix5x35, x3x5, x3} C K[x1, x2, x3].
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Janet-like Division

The Janet-like division was discovered by Gerdt and Blinkov in 2005.
o Let U={t1,...,tm} CT.

o If x; is Janet non-multiplicative for u € U, the power x,.k" with
ki = min {deg; (v) — deg; (v) | v,u € U4, .4, deg; (v) > deg; (u)}

is called a non-multiplicative power of u.

The set NMP(u, U) collects all non-multiplicative powers of u € U.
J-multipliers for u € U: terms not divisible by any x,.k’ € NMP(u, U).

e u € U is Janet-like divisor of w € T, if w/u is a J-multiplier for u.
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Janet-like Tree

Given U = {t1,...,tm} C T, the Janet-like tree of U contains nodes with
labels (t, V', M), where. ..

@ ...t €7 encodes a Janet class of U,

@ ...V is the set of variables multiplicative for each term in this class.

M. Orth (Uni Kassel) Generalized Involutive Bases 27 July 2022



Janet-like Tree

Given U = {t1,...,tm} C T, the Janet-like tree of U contains nodes with
labels (t, V', M), where. ..

@ ...t €7 encodes a Janet class of U,
@ ...V is the set of variables multiplicative for each term in this class.

© ... M is the set of non-multiplicative powers common to all terms in
this class.
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Janet-like Tree of Janet-like Basis (1)
(1’@,0)\

(3,0, {x3}) (3,0, {x3}) (3, {x},0)

(63, Lo, () ((23.0.03.51) (022, (), s))) (3. (2,3}, 0)

(o, 1, 0), 051) (0D, b 03.001) (038, Gaed D)) (03, D058}, 0))

Janet-like tree of Janet-like basis

_ 3 2 2 3,2 3
B = {x1x3x3, xixox5, x3x5, x3} C K[x1, %2, x3].
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Compressed Complementary Decomposition

Algorithm 1: Complementary decomposition (from Janet-like basis)

Data: Janet-like tree JLT of Janet-like basis of monomial ideal Z < P
Result: Finite complementary decomposition D of 7

1 begin

2 | D10

3 for k=n,...,1do

4 foreach node (x*, V', M') at level k +1 in JLT do

5 let (x'x?, V', M) be the leftmost child of (x?, V', M’)
6 if m> 0 then

7 N(—{Xl,...,Xk_l}UV,

8 L D «+— DU {(x*x*,N) : xH|xI ILracppr xp—1}
9 return D
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Janet-like Tree of Janet-like Basis (2)

(1,0,0)
/(32

,0,{x}) (3, {x3},0)

Nodes in the Janet-like tree of B = {x1x3x3, xx2x3, x3x3, x5} that
contribute cones to the C.D. of Z = (B). (In red.)

(32, {x}, {xs})

(3, {x2, x3}, 0)

(03, tue) 0s1) (0, 12,53, 0))
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Example Complementary Decomposition

Example

Using algorithm and Janet-like tree, obtain following complementary
decomposition for Z = <X1X§’X3, x12x2x32, x23x32, xS} Cones are given as
pairs of vertex and set of multiplicative variables.

(1, {x1,%2}),

(x3, {x1}), (233, {x1}), (s, {x1}),
(63, {x}),

(3, {x}),

(X2X§a (Z))v (X22X§7 ®)7 (X1X2X§7 (Z))? (X1X22X§7 Q))

The cones in each line are encoded in a single node of the Janet-like tree.
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Hironaka's Construction

Let k € {0,1,...,n}; projections pry : T — T, t — t|xq=..0x,=1.
For t € T, define the cone Ci(t) = Cyy,.. 53 ().

Construction (Hironaka 1977)

I <P monomial ideal. Define Ni(Z) := (Cixs13(Prasa(Z) NT)) \ pri(Z).
Then, a complemeﬂtary decompositi@ of T is given by
T\ I = i Ck(N«(Z)), where Cu(Nk(Z)) = User, (z) Cx(5)-

Hironaka's construction yields a finite decomposition if and only if the
input monomial ideal is quasi-stable. Janet-like trees can be used to
efficiently compute this decomposition.
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Recursive Quasi-Stability Test

U={t1,...,tm} C T, with x,-degrees \g < A\1 < --- < Ay = .
For 0 < i <¢, Uy, C U subset of terms t with deg, (t) = \j;
U;\’_ = {t‘x,,:l ‘ t e U)\l.} C ]K[Xl7 . ,Xn_l].

U is a Pommaret basis, if and only if:
© For each degree )\;, the set Uﬁ\i is a Pommaret basis.
@ For each i, we have Uy C (U] ),
@ We have UNK[x,] = x5.

The ideal (U) is quasi-stable, if and only if:
Q For each i < ¢, the ideal <Uji'=o Uf\j> C K[x1,- .., Xy—1] is quasi-stable,
@ We have UNK][x,] # 0.

v
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Sparse Transformations to Quasi-stable Position

Definition (not new)
A polynomial ideal Z is in quasi-stable position, if 1t(Z) is quasi-stable.

Applications

@ Deterministic approach for reaching quasi-stable position.

@ Sparse linear changes of variables used.
v
Example
(X5X6, XaX6, X4 X5, X3X5, X2 X5, X3X4, X2 X4, X2X3, X1X3, X1x2) I K[x1, ..., Xg]:

Algorithm based on recursive quasi-stability check makes the following

linear coordinate changes to reach quasi-stable position:
X5 > X5 + Xg, X4 F> X4 + X5, X3 <> Xg, X2 > Xo + Xg, X0 < X3, X1 — X1 + X3.
v
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Further Recursive Criteria

Found similar recursive criteria for:
© Janet bases (based on a result due to Janet)
@ Janet-like bases
© Minimality of Janet(-like) bases

Application

Novel algorithm for the minimization of a given Janet basis.
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Involutive-like Divisions and Pommaret-like Division

Definition

Involutive-like division L on T, given finite set U C T and u € U, assigns:
e the non-multiplicative powers NMP (u, U) of u € U
o the set of L-non-multipliers L(u, U) = (NMP(u, U))
o The set of L-multipliers L(u, U), T\ L(u, U).
e For any u € U, the involutive cone C;(u, U) = u - L(u, U).

The cones must intersect only trivially. No filter axiom assumed.

Definition

The Pommaret-like division P assigns NMPp(u, U) as follows:
@ All Janet-like non-multiplicative powers x5? with a > cls(u).

@ The Janet multiplicative variables x, with b > cls(u).
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Some Properties of Involutive-Like Divisions

@ A monomial ideal T <R is quasi-stable, if and only if it possesses a
finite Pommaret-like basis.

@ From a Pommaret-like basis U of the monomial ideal Z < R, one can
obtain a Pommaret basis U’ of T as follows:

! . ,—1
U={t-x:tcUAnx"| I =
xPa ENMPp (t,U)

© Any minimal Janet-like basis is Pommaret-like autoreduced.

@ The minimal Janet-like basis of a quasi-stable monomial ideal T is
also a Pommaret-like basis of T.
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Minimal Resolutions from Pommaret-like Bases

H Pommaret-like basis, h € H, x5 € NMPp(h, H) ~ syzygies induced by
Pommaret-like reduction of x5° - h form Pommaret-like basis of Syz(H).

Let T <R quasi-stable ideal generated by minimal Pommaret-like basis
H CZINT. IfHisthe minimal generating set of T and for each
non-multiplicative power XJP 7 of t € H, the term (t/ xds(t))xfj € Z, then
the free resolution of T induced by H is minimal.

Module basis elements of Fp, in free resolution are of the form e, x« with
ha € H, x* squarefree, deg(x*) = m, and cls(x*) > cls(hy).
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Explicit Differential Formula

H = {ho | a« € A} C T minimal Pommaret-like basis of Z = (H).

Definition

For h € H, x22 € NMP(ha, H), J1 hg with x22 - by € Cp(hg, H).
Write A(wv,a) = 8, and tq,, = (x5° - ha)/hgs.

Under mild assumptions on A:

Let T be A-commuting. Write NMP(hy, H) = {ij | j > cls(ha)}-
Differential 6 given by: 5(eq,1) = ha, and, for deg(x*) > 0,

5(eqxr) = Z (_1)sgn(Xj,supP(x“)) . <ijea,xﬂ/xj — ta,jeA(a,j),x/‘/Xj> .

xjEsupp(x+)
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Example Resolution (1)

Generalizes resolution formula for stable monomial ideals (Eliahou &
Kervaire, 1990), and formula for quasi-stable ideals (Seiler, 2009).

v

Example

Consider T = (xy, y3,xz,y?z,2%). The induced free resolution is:

Doz(xy v} xz y%z 22),

v  z 0 0 0 0 Z 8
x 0 z 0 0 0 -
Di=|lo —y 0 v 2z o |.D=| > O©
0 0 -y —x O z ) _Oy _i/z
0 0 0 0 —x —y 0 X

M. Orth (Uni Kassel) Generalized Involutive Bases 27 July 2022 39 /56



Example Resolution (2)

Again, let H = {xy, y3,xz, y?z, z°}. Write

hoa = xy, hg = y3, hy =xz, hs = y2z, and

h. = z°. Differential formula yields, e.g.:
J(ayz) = z€ay —yeyy —y’es; +xep,

2
5(6%},2) = Z€yy —yey, +xes;.

P-graph of H encodes the function A for H.

\,

M. Orth (Uni Kassel) Generalized Involutive Bases

Figure: P-graph of the
Pommaret-like basis H.
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We work in the quotient ring R/I, where 7 is an ideal.
Let f € R be a polynomial.
o [f]=[flz="f+I: element of R/Z
@ NFg(f): normal form of f with respect to a Grobner basis G of Z:
remainder of f after division by G.
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Relative Grobner Bases

o ldeal J A R/T ~ J =TI, where ZC J < R.
o [h] € R/Z, G Grobner basis of Z ~~ define 1t([h]) := 1t(NF(h)).

H={hy,..., hg} C T Grobner basis of J relative to Z if

(1t(H)) + 16(T) = 1t(J).

Proposition

H Grébner basis of J —>
{NFg(h) | h € H\ Z} Grobner basis of J relative to T.

M. Orth (Uni Kassel) Generalized Involutive Bases 27 July 2022 43 /56



Relative Schreyer Theorem

Given: Ideal Z 9 R and F C R\ Z.
@ Can produce new leading terms by:

@ S-polynomials among the elements of F
@ annihilating leading terms modulo 1t(Z) ~» A-polynomial

@ S-polynomials and A-polynomials ~» S-syzygies and A-syzygies

H Grébner basis of J relative to T —>
{S—syzygies} U {A—syzygies} Grobner basis of Syzg ;7([h] | h € H)

The induced free resolution over R/Z is, in general, of infinite length.
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Relative Involutive Divisions and Bases

Z monomial ideal. Involutive division L on T \ Z relative to Z:
For x* € H C T \ Z: Multiplicative variables L(x*, H) ~~
Relative involutive cones C; 7(x*, H) = C,(x*, H) \ Z.

Proposition

L classical involutive division, Z monomial ideal, x* € H, HNZ = .
Relative involutive division Lz induced by L:

xi € Lz(x*,H) <<= xielL(x*,H) V x;-xt'eL.
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Relative Involutive Divisions and Bases

Z monomial ideal. Involutive division L on T \ Z relative to Z:
For x* € H C T \ Z: Multiplicative variables L(x*, H) ~~
Relative involutive cones C; 7(x*, H) = C,(x*, H) \ Z.

L classical involutive division, T monomial ideal, x* € H, HNZ = (.
Relative involutive division Lz induced by L:

xi € Lz(x*,H) <<= xielL(x*,H) V x;-xt'eL.

.

Definition
H={h1,...,h} C T\ Z L-involutive basis of J relative to Z, if

Lpen Coz(1t(h), 16(H)) = 1t(T) \ It(Z).
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Results on Relative Involutive Bases

@ Algorithm for computing (inclusion-wise minimal) relative Janet bases.
o If a relative Pommaret basis exists, can compute minimal such basis.

@ Pommaret basis for J relative to Z exists <—
1t(J) is quasi-stable relative to 1t(Z)

@ For T C 7, can transform J to quasi-stable position relative to 7
with sparse linear changes of variables.
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Free Resolution by Minimal Relative Pommaret Bases

H classical or relative involutive basis, h € H.
Non-multiplicative prolongation: x; - h where x; ¢ L(1Im(h), lm(H)).

Z C J <R, G minimal Pommaret basis of Z, H minimal Pommaret basis
of J relative to L. For each h € H take:

Q Syzygies Spx; (xi ¢ Pi(z)(1t(h))) induced by non-multiplicative
prolongations
Q Syzygies Spxu, where x € (1t(Z) : Im(h)) N K[Pyyz)(h)] induced by
multiplicatively annihilating 1t(h) mod 1t(Z)
Choose suitable module term ordering on (R/Z)HI. Then
Hi = {Shyx | h € H} U {Sp | h € H} minimal PB of Syz}, ;(H).

Iteration ~» R /Z-free resolution (not minimal in general)
oo (R/DM = (R/T)H = 7/T — 0.
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An Example

R=Klx,y,z], T=(2%), J = (xyz,y?z,yz*,I).

s (RIDPB R/ B R/ B R/ B R/TEPBIT/T—0

Mappings @k given by matrices Dy, with:

y z 0 O
Dy = (xyz y?z yzz), Di=|1—x 0 =z 0],
0 —x -y =z
z 0 0 O zZZ 0 0 0
2
|-y zz 0 O |y z 0 O
= x 0 z2 0]’ D=2« o 2 o
0 xz yz Zz° 0 —x —y =z

and D4 = Dg.
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Minimal Resolutions from Relative Pommaret-like Bases

o Pr: Pommaret-like division relative to a monomial ideal T; relative
Pommaret-like basis exists for ideals in relative quasi-stable position

e Monomial ideal Z < R is Clements-Lindstrom (C-L), if it is generated
by {lea",xf_ﬁll, cooxAntwith2 <a, <ap1 <o <ajigg < a;.

Z AR C-L ideal, T D Z monomial ideal generated by minimal relative
Pommaret-like basis H C (7 \Z)NT. If H is the minimal generating set
of J relative to T and for each t € H and x5° € NMPp_(t, H), the unique
Pr-divisor s € H of t - x5 fulfils cls(s) > cls(t), then the free resolution of
J over R/Z induced by H is minimal.
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Marked Sets

7 quasi-stable ~» PB(Z) minimal Pommaret basis, N'(Z) := 7 \ Z.
Work with homogeneous polynomials only.

Definition

@ Marked polynomial: f € R having head term Ht(f) with coefficient 1.
o PB(Z)-marked set: F = {foa [ x* € PB(Z)} € R with Ht(f,) = x“
and supp(fo, — x*) C (N(2))k.

Marked set F ~~ noetherian confluent reduction relation — g« with
xP — e xP — xMf,,

if x” in Pommaret cone of x* and x”/x%* = x*.
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Marked Bases

A PB(Z)-marked set F is a PB(Z)-marked basis of the ideal (F) if the
graded decomposition R = (F) & (N(Z))k holds.

Theorem (Ceria et al. < 2019)

Let 7 C R be a quasi-stable monomial ideal, and F a PB(Z)-marked set.
The following statements are equivalent:

Q F is a PB(Z)-marked basis;
@ f —/. 0, for every f € (F);

Q xify —>J,_C 0 for every f,, € F and for every x; € NMp(fy,).

M. Orth (Uni Kassel) Generalized Involutive Bases 27 July 2022 52 /56



Relative Marked Bases

J D 1 quasi-stable ideals, Z = (F) where F is a PB(Z)-marked basis,

H C R subset of a PB(J)-marked set, such that
Ht(H) = PB(J) \ PB(Z), J = (F UH) C R.

Definition

H PB(J)-marked basis rel. to T if: R =T & ((N(Z))xNJT)® N(JT))k.

(Theorem . |
The set H is a PB(j)-maNrked basis relative to T <=
J is generated by a PB(J)-marked basis containing H. <=
J contains a PB(J)-marked set G containing H such that:
(1 ] Vhﬁ € H, Vx; > C|S(Ht(h/3)), X,'hg —>Z* 0
@ Vg, € G\ H, Vx; > cls(Ht(f,)), Xiga —>¢+ 0
Q@ VfeF\G, f—¢E 0.
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Open Coverings and Lex Points

T quasi-stable ideal for which R/Z is Cohen-Macaulay (e.g., C-L ideal):

Proposition

For a given degree q > 0, let F C (R/Z1)q be a finite set of degree q.
Then there exists a transformation g € PGL(k + 1) such that g(F) is a
marked set over a quasi-stable monomial submodule of R /Z.

~ open covering of Hilbert scheme of ideals in R/Z with predefined
Hilbert polynomial.

If T is Macaulay-Lex (e.g., C-L ideal), can analyse the lex point of such
Hilbert schemes using relative marked bases.
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Topics for Future Work

Recursive criteria for relative quasi-stability
Resolving decompositions including non-multiplicative powers

Explicit differential formulas for quasi-stable ideals in C-L rings

Investigation of more classes of monomial quotient rings
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Thank you for your attention!
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